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ABSTRACT

The diffusion orientation transform (DOT) enables the com-
putation of orientational probability profiles from high angu-
lar resolution diffusion-weighted magnetic resonance imag-
ing data, making it possible to map connectivity information
even in regions with complex microstructure. The initial for-
mulation of the DOT has yielded probabilities in terms of
spherical harmonics. In this paper, an alternative reconstruc-
tion method is introduced that makes it possible to directly
compute the probabilities. The proposed reconstruction ef-
fectively combines the reconstruction and surface estimation
steps in the visualization of the probability profiles. A ma-
trix formulation is proposed that simplifies the implementa-
tion of the DOT method. The simulation as well as experi-
mental results demonstrate the accuracy and robustness of the
approach.

1. INTRODUCTION

Since its inception, diffusion tensor imaging (DTI) [1, 2] has
been the most popular systematic method used to character-
ize the diffusional anisotropy observed in multiorientational
diffusion-weighted MRI scans. DTI has enabled the simple
estimation of fiber directions as well as quantitative measures
of anisotropy. Although DTI has been quite successful in
achieving these goals in environments with single dominant
orientation, it is incapable of resolving distinct fiber orienta-
tions in regions with more complicated structure.

In general, the diffusional attenuation of MR signal (E(q))
in pulsed field gradient experiments [3] is related to the en-
semble averaged water displacement probabilities P(R)
through a Fourier integral [4]

P(R) = / E(q) exp(~2miq-R)dq, ()

where R is the displacement vector and q is the reciprocal
space vector defined by q = 7dG /27, where 7 is the gyro-
magnetic ratio and G is the gradient vector. This equation is
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exact when the narrow pulse condition is met, i.e. when the
duration of the applied diffusion sensitizing gradients (9) is
much smaller than the time between the two pulses (A).

Diffusional anisotropy is well-reflected in the water dis-
placement probabilities that can be obtained from Eq. 1 and
it is expected that in fibrous tissues, the orientations spec-
ified by large displacement probabilities will coincide with
the fiber orientations. However, direct application of Eq. 1,
such as using a fast Fourier transform (FFT), would necessi-
tate too many MRI scans (hence long acquisition times) some
of which with very high magnetic field gradients. These fac-
tors are undesirable in clinical environments [5].

A high angular resolution diffusion imaging (HARDI)
method [6] was introduced that samples only one spherical
shell in g-space (in addition to a single acquisition at ¢ ~
0). Because of this, HARDI method allows the detection of
orientational complexity with relatively small number of ac-
quisitions without the need to apply very strong gradients.
However, a major challenge in HARDI is transforming the
signal values into an acceptable estimate of probability val-
ues. The Diffusion Orientation Transform (DOT) [7] was re-
cently introduced that describes how this transformation can
be done. In the next section we briefly review the DOT tech-
nique. In section 3, we introduce an alternative formulation
of the method that enables the direct estimation of the proba-
bility values and a matrix formulation of the same. Some val-
idation and experimental results are demonstrated in Section
4. We conclude the paper with a brief discussion in Section 5.

2. THE DIFFUSION ORIENTATION TRANSFORM

Eq. 1 can be written in spherical coordinates using the Rayleigh
expansion for plane waves [8]
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2
where j;(2mqr) and Y}, (u) are the spherical Bessel functions
and spherical harmonics respectively, ¢ = |q|, u = q/q and
similarly » = |R|, r = R/7. The resulting three dimensional
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integral can be separated into its radial and angular parts. The
radial integral can be evaluated analytically and for a particu-
lar value » = Ry, it is given by

exp(—B(u)?/4 erf (3 2
Al (E;Dflg)t))3//2)+31(u) (4(}235/)

where A;(u), B;(u) and 3(u) are defined in the Appendix. In
the above derivation it was assumed that the signal attenuation
is given by

ll(u) = ) (3)

“
where t = A — ¢/3 and D(u) is the apparent diffusivity pro-
file.

This procedure makes it possible to express the probabil-
ity of water molecules to move a distance Iy along different
directions r in terms of a spherical tensor, i.e.

Z Z Pim }/lm )

=0 m=—1

E(q) = exp(—4n%¢*tD(n)) ,

R()I‘ (5)

where the components of this spherial tensor are given by

Dl = (—l)l/2 /qulm(u)* Ii(u) .

Therefore, a probability profile can be computed from Eq. 5
by taking the [-th order spherical harmonic transform of the
functions I;(u).

(6)

3. NONPARAMETRIC RECONSTRUCTION

An alternative form of the Rayleigh expansion in Eq. 2 is
given by

oo

= (i)' (2 +1) ji(2rgr)Pi(u-1)

1=0

ei?qu

)

which is just a consequence of the addition theorem for spher-
ical harmonics [8]. In Eq. 7, P, is the [-th order Legendre
polynomial. Employing this form of the Rayleigh expansion
in our formalism does not change the radial integral and the
probability values are given by

oo

e faun A
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> fmc

with the definition of I; as in Eq. 3.

The above expression provides an alternate estimation of
the results that could be obtained from the parametric recon-
struction. The schematic description of the nonparametric re-
construction is given by

P(R[)I‘)

l/221+

P(u-r)j(u),®8)

Eq.3 Eq.8

_— P(Ror)

D(u) I;(u) 9
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3.1. A Matrix Implementation

It is possible to express the above formulation in matrix form.
Suppose that the HARDI experiment is performed with the
application of diffusion sensitizing gradients along N direc-
tions. Let the direction describing the j-th gradient be de-
noted by the unit vector u;. Similarly, the unit vector de-
scribing the i-th direction along which the probability will be
estimated shall be represented with r;, where the total number
of such directions is Nr. Then Eq. 8 can be expressed simply

by

(10)

T:iMlZl,
=0

where T is the Np-dimensional vector of probabilities. In
Eq. 10, the components of the Ng-dimensional vector Z; are
given by

(Z1); = Ii(uy) , an
and the components of the N x Ng-dimensional matrix M;
are given by

_ W

(My),; = i (-2 (2 +1) Pi(u; -

I‘i) s (12)

where w; are the integration weights associated with each of
the gradient directions computed from the areas of the Voronoi
cells around each of the sample points on the unit sphere. It is
important to note that the matrices IM; can be computed once
for each gradient sampling scheme. Therefore, the only com-
putational burden is due to the pixel-by-pixel estimation of
I;(u;) (which is a straightforward operation) and the matrix
multiplications given in Eq. 10. Furthermore, since Py(z) =
1, all rows of the matrix M are identical. Therefore, for
[ = 0 one does not have to perform a matrix multiplication.
Additionally, all terms arising from the odd values of [ van-
ish as a consequence of the antipodal symmetry of the prob-
lem. Therefore, the total number of required matrix multipli-
cations is only /. /2, when the series in Eq. 8 is terminated
at | = Imax-

The parametric resonstruction enables one to express the
probabilities in terms of a Laplace series, whereas the non-
parametric reconstruction made it possible to directly esti-
mate the probability values. It is simpler to implement the
latter scheme since it is unnecessary to compute a spherical
harmonic transform. However, when the Laplace series in Eq.
5 is terminated at [ = [,,x, and upon employing the paramet-
ric reconstruction, it was possible to express the probability
values in terms of (Iyax + 1)(lmax + 2)/2 numbers, which
is typically much smaller than the number of directions along
which the probabilities are estimated (/Np) when one visu-
alizes the probability surfaces. This enables more efficient
storage of the probability profiles in computer memory when
parametric reconstruction is performed.
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Fig. 1. Apparent diffusivity (left column) and displacement
probability (right column) profiles obtained using the DOT,
calculated from simulations of 1, 2 and 3 fiber systems (top
to bottom). Black lines depict the exact orientations of the
simulated fibers. All fibers lie on the image plane. Note that
the peaks of the diffusivity profiles do not necessarily yield
the orientations of the distinct fiber populations—hence the
need to transform the diffusivities into probability profiles.

4. RESULTS

We have performed simulations of 1, 2 and 3-fiber voxels
by employing the exact form of the MR signal attenuation
from particles diffusing inside cylindrical boundaries [9] with
parameters provided in [10]. We have computed the proba-
bility profiles from fiber configurations whose fiber orienta-
tions are specified by the azimuthal angles ¢; = 30°, ¢o =
{20°,100°} and ¢3 = {20°,75°,135°} for the 1, 2 and 3
fiber systems respectively. Polar angles for all fibers were
taken to be 90° so that a view from the +z-axis will clearly
depict the individual fiber orientations. The results are shown
in Figure 1. Computations with other polar angles yielded
similar quality results. In all computations, the series were
terminated at [ = 8.

To provide a more quantitative assessment of the DOT
method and its sensitivity to increasing noise levels, we took
the HARDI simulations of 1, 2 and 3 fiber profiles presented
in Figure 1 and numerically computed the fiber orientations
by finding the maxima of the probability profiles (see Ta-
ble 1). In this table, 1) denotes the angle between the com-
puted and the true fiber orientations in degrees whereas o is
the noise level added to the complex signal values in quadra-
ture. Note that when no noise was introduced (o = 0), there
was a small deviation of the computed fiber direction from
the true fiber orientation because of the finite sampling of the
hemisphere (at 81 gradient orientations), the termination of
the series at order 8 and the precision of the numerical pro-
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Fig. 2. The Diffusion Orientation Transform (DOT) described
in this paper characterized the complex cytoarchitecture of the
rat brainstem well as shown in this probability map from one
side of the rat medulla.

cedure used to compute the maxima of the probability pro-
files. The simulations of the signal profiles with noise were
repeated 100 times for each noise level to provide a distribu-
tion of deviation angles. We report the mean and standard
deviations of these distributions in columns 3-6 of Table 1.
As expected, the v values increase with increasing noise and
it is more challenging to accurately resolve the distinct fiber
orientations when there are more fiber orientations.

In order to test the performance of the DOT method on
real tissue, we computed the orientation probabilities on data
from an excised rat brain. A series of images were acquired
at 17.67" using a Bruker Avance imaging system. Diffusion-
weighted scans were acquired along 81 directions with a b-
value of 1500s/mm? along with a single image acquired at
b = 0. Resolution of the images were 150 x 150 x 300um?.

For visualization purposes, we have overlaid the orienta-
tion surfaces on generalized anisotropy (GA) maps [10] com-
puted from the displacement probabilities. The directionality
of the probability profiles on the image plane is readily avail-
able from the surfaces. In order to visualize the peakedness
through the image plane, we color coded the surface so that
as the orientation of the surface varies from —z-axis to +z-
axis, its color changes from blue to green. A selected slice
from the three-dimensional data set is presented in Fig. 2.
Although it was not possible to get meaningful orientation
information from the apparent diffusivity profiles, the DOT
method was able to clearly resolve the complex architecture
of the rat medulla.

5. DISCUSSION AND CONCLUSION

An alternative form of the DOT technique was presented. Un-
like the initial formulation, the presented reconstruction does
not yield probabilities in terms of spherical harmonics. In-
stead, direct computation of probabilities along many direc-



Table 1. The angle between the computed and true fiber orientations (deviation angles) in degrees. Second column presents
the deviation angle of each fiber when the DOT of noiseless signal profile is taken. Columns 3-6 show the mean and standard
deviation values for the deviation angle when Gaussian noise of standard deviation 0.02 to 0.08 (from left to right) was added
to the signal profiles. The computations for the DOT of noisy signals were repeated 100 times.

¥ (o =0) ¢ (o =002) ¢(c=004) ¢ (c=006) o (c=0.08)
1 fiber {0.364} 077+042 144+079 220+£1.09 3.08+1.66
2 fibers  {1.43,0.80} 2334+1.10 3.66+201 6.00+557 8.07+7.92
3fibers {2.87,0.60,4.57} 5814584 1154101 1474103 17.6+11.9

tions is possible via the nonparametric formulation. A matrix
formulation of this method was presented that simplifies the
implementation of the transform. Depending on the number
of directions along which the probability values are desired,
the nonparametric reconstruction scheme typically requires
more memory to store the probability profiles. The simula-
tion results demonstrated the accuracy of the estimated fiber
orientations and its robustness to the noise levels. The exper-
imental results further demonstrated the performance of the
approach in real neural tissue.

Appendix

The following expressions define 5(u), A;(u) and B;(u) func-
tions used above:

Ry
u) = 13
B(u) D) : (13)
1/2 1/2—1
Ay(u) =" Ay B(w)"*" and By(u) = > B, fu) "
n=0 n=0
(14
Here A;, coefficients are given by
A0 ,ifn < 2
A = { AC S Ay L if > 2 s
where
—1)/2+n ! I 1
AO _ ( 22n e _ = 16
n! 2/, 2 2/, (16)
and
_ (2t —3)! (H_TB)TL—t—l (1 B %)n—t—l (+ 1!
nt (—1)"10(1/2)(n — t — 1)1 2/2=2nF1
a7
Finally the By, coefficients are given by
B3y (1L (141"
Bln _ ( 2 )n( 2)n( ) (18)

T (é) n!2l/2—1-2n

Note that in the above definitions, (I + 1)!! = (I+1) (I —
1)---1and (a) is the Pochhammer symbol given by (a) =
ala+1)(a+2)---(a+k— 1) with (a)g = 1.
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